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GEOMETRY AND ANALYSIS OF SPIN EQUATIONS
HUIJUN FAN, TYLER J. JARVIS, AND YONGBIN RUAN
ABSTRACT. We introduce W -spin structures on a Riemann surface Σ and give a precise
definition to the corresponding W -spin equations for any quasi-homogeneous polynomial
W . Then, we construct examples of nonzero solutions of spin equations in the presence
of Ramond marked points. The main result of the paper is a compactness theorem for
the moduli space of the solutions of W -spin equations when W = W(x1, . . . ,xt ) is a non-
degenerate quasi-homogeneous polynomial with fractional degrees (or weights) qi < 1/2
for all i. In particular, the compactness theorem holds for the superpotentials E6,E7,E8, or
An−1,Dn+1 for n ≥ 3.
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1. INTRODUCTION
Since Donaldson’s remarkable work in the 1980’s regarding anti-self dual equations on
4-manifolds, the study of the solution space (moduli space) of a nonlinear elliptic PDE
has attracted a great deal of attention in geometry and topology. For example, the fa-
mous Donaldson invariants, Seiberg-Witten invariants and Gromov-Witten invariants were
constructed out of the moduli space of anti-self dual Yang-Mill’s equations, the Seiberg-
Witten equations, and the ¯∂ equation, respectively. These invariants have revolutionized
many subjects of mathematics. There is a well-known program originated by Donaldson
and Taubes to construct invariants out of an elliptic equation. The first, and often most
important, step is to study the analytic properties of equations such as compactness and
The first author was partially supported by the Research Fund for returned overseas Chinese Scholars
20010107 and the Partner Group of the Max-Planck Institute for mathematics in the sciences and the Chinese
Academy of Sciences, and later by NSFC 10401001, NSFC 10321001 and NSFC 10631050. The second author
was partially funded by NSF Grant DMS0105788. The third author was partially supported by an NSF grant and
a Hong Kong RGC grant.
1
2 HUIJUN FAN, TYLER J. JARVIS, AND YONGBIN RUAN
Fredholm theory. Once the elliptic equation under study possesses nice analytic proper-
ties, we can apply sophisticated machinery to extract topological invariants. It is often a
difficult problem to show that an elliptic equation has “nice” analytic properties. In terms
of the analytic framework, the best understood ones are conformally invariant first order
equations such as the anti-self dual equation on a 4-manifold and the ¯∂ -equation in two di-
mensions. One can understand these two types of equations through Uhlenbeck’s bubbling
analysis. Beyond conformally invariant equations, there is not yet a standard framework.
In this paper, we study a new type of elliptic equation (spin equation) on Riemann surfaces
introduced by Witten. A spin equation is of the form
¯∂ui +
∂W
∂ui
= 0,
where W is a quasi-homogeneous polynomial, and ui is interpreted as the section of an
appropriate orbifold line bundle on a Riemann surface Σ. Typically, a spin equation is not
conformally invariant.
The simplest spin equation (Ar−1 case) is of the form
¯∂u+ ru¯r−1 = 0.
It was introduced by Witten [24] more than ten years ago as a generalization of topological
gravity. Somehow, it was buried in the literature without attracting much attention. Re-
cently, Witten generalized it to a spin equation for an arbitrary quasi-homogeneous poly-
nomial [25] and coined it the “Landau-Ginzburg A-model.” There appears to be a mirror
symmetry between this theory and usual Landau-Ginzburg theory (B-model) [12, 13]. The
construction of invariants and the application to mirror symmetry will be left to a separate
article. We will focus on the analytic aspect of the theory.
We begin with a brief history of the motivation behind the spin equation. Around 1990,
Witten proposed a remarkable conjecture relating the intersection number of the Deligne-
Mumford moduli space of stable curves with the KdV integrable hierarchy [23]. His con-
jecture was soon proved by Kontsevich [14]. About the same time, Witten also proposed
a generalization of his conjecture. In his generalization, the stable curve is replaced by a
certain root of the canonical bundle (spin-curve) and the KdV-hierarchy was replaced by
certain, more general, KP-hierarchies called nKdV, or Gelfand-Dikii, hierarchies. Since
then, the moduli space of spin-curves has been rigorously constructed by the second au-
thor and his collaborators [1, 9, 10, 11].
An important phenomenon in the theory of spin curves is the appearance of Neveu-
Schwarz and Ramond marked points. Recall that ui is the section of a certain orbifold line
bundle Li. Assume that all the orbifold points are marked points. A marked point with triv-
ial orbifold structure is called a Ramond marked point, and otherwise it is called a Neveu-
Schwarz marked point. Contrary to intuition, Ramond marked points are much harder to
study than Neveu-Schwarz marked points. If there is no Ramond marked point, a simple
lemma of Witten’s shows that the spin equation has only the zero solution. Therefore, our
moduli problem becomes an algebraic geometry problem. In fact, Witten conjectured that
the contribution of a Ramond marked point to the corresponding field theory is zero in the
Ar−1 case (the decoupling of the Ramond sector). This was proved true for genus zero
in [11] and for higher genus in [19]. This is partly why the moduli space of spin curves
has been around for a long time while the spin equation seems to have been lost in the
literature. In the course of our investigation, we discovered that in the Dn-case the Ramond
sector gives a nonzero contribution. Hence, we have to develop a theory to account for the
contribution of the solution of the spin equation in the presence of Ramond marked points.
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The situation would be relatively simple if one could show that the solution has to be zero
as in the case of pure Neveu-Schwarz marked points. Unfortunately, this is not the case, as
we were able to construct a nonzero solution of the spin equation. Therefore, we have no
choice but to develop a full moduli theory of spin equations with Ramond marked points.
This is the first of a series of articles to accomplish that task.
Define Mr(Σ,W ) to be the space of regular solutions (u1, . . . ,ut) of the W -spin equa-
tions on Σ, and let M (Σ,W ) be the solution space of W -spin equations which contains
both the regular and the singular solutions. Now we can formulate our main theorems as
follows:
Theorem 1.1 (Inner compactness). Suppose W = W (x1, . . . ,xt) to be a non-degenerate
quasi-homogeneous polynomial with fractional degrees (or weights wt(xi)) qi = wt(xi) ≤
1/2. Let E(u) := ∑zl :Ramond ∑ j:Wj is Ramond atzl Reszl (Wj(u1, . . . ,ut)) be the residue map from
Mr(Σ,W ) to C. Then
(1) for any a ∈ C\ [0,∞), we have E−1(a) = /0; and
(2) for any a ∈ [0,∞), E−1([0,a]) is a compact space in the Lp1 topology for 2 ≤ p <
2
1−δ , where δ = min{q1, . . . ,qt}.
Theorem 1.2 (Weak compactness). Suppose W = W (x1, . . . ,xt) to be a non-degenerate
quasi-homogeneous polynomial with fractional degrees (or weights wt(xi)) qi = wt(xi) <
1/2. For any ε > 0, let Σε be the subset of Σ consisting of points which are distance at least
ε away from Ramond marked points. Then the restriction of M (Σ,W ) to Σε is compact in
Lp1(Σε ) for 2 ≤ p < 21−δ , where δ = min{q1, . . . ,qt}.
Theorem 1.3 (Strong compactness). Suppose W =W (x1, . . . ,xt) to be a non-degenerate
quasi-homogeneous polynomial with fractional degrees (or weights wt(xi)) qi = wt(xi) <
1/2. Then M (Σ,W ) is compact with respect to the topology in L
p1 ×·· ·×Lpt︸ ︷︷ ︸
t
for 0 < pi <
2(1− 2qi)/qi. In particular, we have
(1) If W is the Ar−1-superpotential, then M (Σ,W ) is compact with respect to the
topology in Lp for 1 < p < 2(r− 2).
(2) If W is the Dn-superpotential for n ≥ 4, then M (Σ,W ) is compact with respect to
the topology in Lp1 ×Lp2 for 1 < p1 < 2(n− 2),0 < p2 < 4/(n− 1).
(3) If W is the E6 superpotential, then M (Σ,W ) is compact with respect to the topol-
ogy in Lp1 ×Lp2 for 1 < p1 < 2,1 < p2 < 4.
(4) If W is the E7 superpotential, then M (Σ,W ) is compact with respect to the topol-
ogy in Lp1 ×Lp2 for 1 < p1 < 2,1 < p2 < 5.
(5) If W is the E8 superpotential, then M (Σ,W ) is compact with respect to the topol-
ogy in Lp1 ×Lp2 for 1 < p1 < 2,1 < p2 < 6.
Remark 1.4. Because of the W -spin structure, W (u1, . . . ,ut) takes value in the log-canonical
bundle, hence we can take the residue at the Ramond marked points. Theorem 1.1 means
that a sequence of points {ul = (ul1, . . . ,ult)} in Mr(Σ,W ) loses compactness if and only if
E(ul)→ +∞. The crucial identity connecting the total residue and the natural energy of
the sections will be given in Theorem 5.5. Theorem 1.2 means that all the possible blow-up
points of a sequence of solutions in M (Σ,W ) are Ramond marked points. Theorem 1.3
means that we can compactify the space Mr(Σ,W ) in some Lp topology so that its closure
is just M (Σ,W ).
Remark 1.5. Our requirement for the fractional degrees of W is sharp. If the fractional
degree qi = 1/2 for some i, then the weak and the strong compactness theorems may not
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be true. For example, we can consider the A1-case, where the fractional degree is 1/2 and
the spin equation is
¯∂u+ ru¯ = 0.
This is a real-linear equation: if u is a solution, then λ u is also a solution for any λ ∈ R.
Thus Theorem 1.2 and Theorem 1.3 do not hold.
This paper is organized as follows. In Section 2, we will introduce the W -spin equations
and their basic properties. In Section 3, we will present our key example of a nonzero solu-
tion of the spin equation in the presence of two Ramond marked points. More importantly,
we construct a sequence of regular nonzero solutions converging to a singular one. This
indicates the complexity of the problem. In Section 4, we give the Lp estimate of the ¯∂
operator in certain natural weighted Sobolev spaces arising in the problem and prove ¯∂ is
a Fredholm operator under some mild constraints. The core of the paper is in the last two
sections, where we establish the three compactness theorems. We will prove Theorem 1.1
in Section 5 and Theorem 1.2–1.3 in Section 6.
2. SPIN STRUCTURES ON ORBICURVES AND SPIN EQUATIONS
In this section, we will introduceW -spin structures on orbicurves, whereW ∈C[x1, . . . ,xt ]
is a non-degenerate quasi-homogeneous polynomial. By means of W -spin structures, one
can define the W -spin equations on orbicurves.
Let W ∈ C[x1, . . . ,xt ] be a quasi-homogeneous polynomial, i.e., there exist degrees
d,k1, . . . ,kt ∈ Z>0 such that for any λ ∈C∗
W (λ k1 x1, . . . ,λ kt xt) = λ dW (x1, . . . ,xt).
Definition 2.1. W is called nondegenerate if
(1) the fractional degrees qi = kid are uniquely determined by W ; and
(2) the hypersurface defined by W in weighted projective space is non-singular, or equiva-
lently, the affine hypersurface defined by W has an isolated singularity at the origin.
Remark 2.2. Although the first condition does not play an essential role in this paper, it is
essential for producing a compact moduli space of orbicurves with spin structure, which
is a major part of the motivation for this paper. Thus we will not hesitate to use this
assumption whenever it is convenient.
From now on, we always assume the quasi-homogeneous polynomial W is nondegener-
ate and the corresponding degrees d,k1, . . . ,kt of W are the least positive integer degrees.
Example 2.3.
(1) We call W (x) = xr the Ar−1 superpotential. In this case, the variable x has weight
qx = 1/r.
(2) We call W (x,y) = xn + xy2 the Dn+1 superpotential; it has qx = 1/n and qy = n−12n .
(3) Similarly, we call W (x,y) = x3 + y4,W (x,y) = x3 + xy3, and W (x,y) = x3 + y5,
the E6,E7, and E8 superpotentials, respectively, and their weights are (qx,qy) =
(1/3,1/4), (1/3,2/9), and (1/3,1/5), respectively.
Lemma 2.4. If W is non-degenerate, then the group
H := {(α1, . . . ,αt ) ∈ (C∗)t |W (α1x1, . . . ,αt xt) =W (x1, . . . ,xt)}
of diagonal symmetries of W is finite. In particular, we have
H ⊆ µd/k1 ×·· ·× µd/kt ∼= k1Z/d×·· ·× ktZ/d,
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where µl is the group of lth roots of unity.
Proof. First write W = ∑sj=1 Wj with Wj = c j ∏x
bl, j
l and with c j 6= 0. The uniqueness of
the fractional degrees is equivalent to saying that the matrix B = (bl, j) has rank t. We may
as well assume that B is invertible. Now write h = (h1, . . . ,ht) ∈ H, as h j = exp(u j + v ji)
for u j ∈ R is uniquely determined and v j ∈ R is determined up to integral multiple of
2pi i. The equations W (h1x1, . . . ,htxt) =W (x1, . . . ,xt) can now be written as B(u+ vi)≡ 0
(mod 2pi iZ). The invertibility of B shows that ul = 0 for all l—thus H lives in U(1)t , and a
straightforward argument shows that the number of solutions (mod 2pi iZ) to the equation
B(vi)≡ 0 (mod 2pi iZ) is also finite. 
W -spin structures on smooth orbicurves. Let ( ˜Σ,z,m) be a smooth orbicurve (or orb-
ifold Riemann surface) as defined in [20, 22], i.e., ( ˜Σ,z,m) is a Riemann surface Σ with
marked points z= {zi} having orbifold structure near each marked point zi given by a faith-
ful action of Z/mi. In other words, a neighborhood of each marked point is uniformized by
the branched covering map z → zmi . Let ρ : ˜Σ → Σ be the natural projection to the coarse
Riemann surface Σ.
A line bundle L on Σ can be uniquely lifted to an orbifold line bundle on ˜Σ. We denote
the lifted bundle by the same L.
Definition 2.5. Let K be the canonical bundle of Σ, and let
Klog := K⊗O(z1)⊗·· ·⊗O(zk)
be the log-canonical bundle, that is to say, the bundle whose holomorphic sections are 1−
forms holomorphic away from the special points {Zi} and with at worst simple poles at
the Zi. Klog can be thought of as the canonical bundle of the punctured Riemann surface
Σ−{z1, . . . ,zk}. Suppose that L1, . . . ,Lt are orbifold line bundles on ˜Σ with isomorphisms
ϕ j : Wj(L1, . . . ,Lt) ∼−→ Klog, where by Wj(L1, . . . ,Lt) we mean the jth monomial of W in
Li,
Wj(L1, . . . ,Lt ) = L
⊗b1 j
1 ⊗ . . . ,⊗L
⊗bt j
t ,
and where Klog is identified with its pull-back to ˜Σ. The tuple
(L1, . . . ,Lt ,ϕ1, . . . ,ϕs) is called a W-spin structure.
Definition 2.6. Suppose that the chart of ˜Σ at an orbifold point zi is D/(Z/m) with action
e
2pii
m (z) = e
2pii
m z. Suppose that the local trivialization of an orbifold line bundle L is (D×
C)/(Z/m) with the action
(1) e 2piim (z,w) = (e 2piim z,e 2piivm w).
When v = 0, we say that L is Ramond at zi. When v > 0, we say L is Neveu-Schwarz (NS)
at zi.
A W -spin structure (L1, . . . ,Lt ,ϕ1, . . . ,ϕs) is called Ramond at the point zi if the group
element h = (exp(2pi iv1/m), . . . ,exp(2pi ivt/m)) defined by the orbifold action on the line
bundles Lk at zi acts trivially on all the line bundles occurring in the monomial Wj. In other
words, the W -spin structure is Ramond if there is a monomial Wj = c j ∏xbe, jl in W such
that for every l with bl, j > 0 the line bundle Ll is Ramond at zi.
Remark 2.7. If L is an orbifold line bundle on a smooth orbifold Riemann surface ˜Σ, then
the sheaf of locally invariant holomorphic sections of L is locally free of rank one, and
hence dual to a unique orbifold line bundle |L| on Σ. We also denote |L| by ρ∗L, and it
corresponds to the desingularization of L [4](Prop 4.2.1). It can be constructed as follows.
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We keep the local trivialization at other places and change it at the orbifold point zi by
a Z/m-equivariant map Ψ : (D−{0})×C→ (D−{0})×C by
(2) (z,w)→ (zm,z−vw),
where Z/m acts trivially on the second (D−{0})×C. Then, we extend L|((D−{0})×C)
to a smooth holomorphic line bundle over Σ by the second trivialization. Since Z/m acts
trivially, this gives a line bundle over Σ, which is |L|. Note that if L is Ramond at zi, then
|L|= L locally. When L is Neveu-Schwarz at zi, then |L| will differ from L.
Example 2.8. A smooth orbifold Riemann surface ˜Σ = (Σ,z,m) has a natural orbifold
canonical bundle K
˜Σ, namely its (orbifold) cotangent bundle. The desingularization is
related to the canonical bundle of Σ by
|K
˜Σ|= KΣ⊗i O(−(mi− 1)zi).
On the other hand, the desingularization of the log-canonical bundle of ˜Σ is again the
log-canonical bundle of Σ, since Klog is Ramond at every marked point (the orbifold action
on dz and on z is the same, so it is trivial on dz/z).
Next we study the sections. Suppose that s is a section of |L| having local represen-
tative g(u). Then, (z,zvg(zm)) is a local section of L. Therefore, we obtain a section
ρ∗(s) ∈Ω0(L) which equals s away from orbifold points, under the identification given by
Equation 2. It is clear that if s is holomorphic, so is ρ∗(s). If we start from an analytic
section of L, we can reverse the above process to obtain a section of |L|. In particular, L
and |L| have isomorphic spaces of holomorphic sections. In the same way, there is a map
ρ∗ : Ω0,1(|L|)→ Ω0,1(L), where Ω0,1(L) is the space of orbifold (0,1)-forms with values
in L. Suppose that g(u)du¯ is a local representative of a section of t ∈Ω0,1(|L|). Then ρ∗(t)
has a local representative zvg(zm)mz¯m−1dz¯. Moreover, ρ∗ induces an isomorphism from
H1(|L|)→ H1(L).
Suppose now that Lr ∼= Klog with the action of Z/m on L as in Equation (1). Since
Klog is Ramond at every marked point, we must have rv = lm for some l. The integer l
is non-zero precisely when v is, and thus L is Neveu-Schwarz at zi if and only if l > 0.
Moreover, we have v < m, so l < r, and of course v
m
= l
r
. Suppose that s ∈ Ω0(|L|) with
local representative g(u). Then, ρ∗(sr) has local representative zrvgr(zm) = zmlgr(zm) =
ulgr(u). Hence, sr ∈ Ω0(Klog ⊗O((−li)zi), and thus when li > 0, or equivalently, when L
is Neveu-Schwarz at every zi, we have sr ∈ Ω0(K).
Remark 2.9. More generally, if Lr ∼= Klog on a smooth orbicurve with action of the local
group on L defined by li (as above) at each marked point, then we have
(ρ∗L)r = |L|r = Klog⊗O((−li)zi)
locally, near zi.
Proposition 2.10. Let (L1, . . . ,Lt) be a W-spin structure on a smooth orbicurve. Suppose
that the local group Gz of z acts on L j by exp(2pi i/m)(z,w j)= (exp(2pi i/m)z,exp(2pi iv j/m)w j).
There is a unique element h ∈ H such that exp(2pi iv j/m) = h j = exp(2pi ia j(h)) with
a j(h) ∈ [0,1) for every j. Moreover, for every monomial Wi, we have
Wi(|L1|, . . . , |Lt |)∼= Klog⊗O(−
t
∑
j=1
bi ja j(h)z)
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near the point z. Letting hl define the action of the local group Gzl near zl , we have the
global isomorphism
Wi(|L1|), . . . , |Lt |)∼= Klog⊗O(−
k
∑
l=1
t
∑
j=1
bi ja j(hl)zl)
∼= KΣ⊗O(−
k
∑
l=1
t
∑
j=1
bi j(a j(hl)− q j)zl).
Proof. The existence and uniqueness of h ∈ H is a straightforward generalization of the
argument for W = WAr−1 , given above. The rest is an immediate consequence of the de-
scription of h as h = (exp(2pi ia1(h), . . . ,exp(2pi iat(h)) and the description of |L j| in terms
of the action of the local group Gz given above. 
W -spin equations. For each monomial Wi, let D = −∑kl=1 ∑tj=1 bi j(a j(hl)− q j)zl be a
divisor, then there is a canonical meromorphic section s0 with divisor D. This section
provides the identification
KΣ⊗O(D)
s−10∼= KΣ(D),
where KΣ(D) is the sheaf of local, possibly meromorphic, sections of KΣ with zeros (or
poles) determined by D. When at least one of the line bundles occurring in the monomial
Wi is Neveu-Schwarz at zl , then D is not effective. So the local section of KΣ(D) has zeros,
and hence is a natural sub-sheaf of KΣ. In general, however, it is a sub-sheaf of Klog. For
each marked point, there is a canonical local section dzz of Klog. Using the isomorphism ϕi,
there is a local section ti of Li with the propertyWi(t1, . . . , tk)= dzz . The choice of ti is unique
up to the action of H. We choose a metric on Klog with the property | dzz | = 1|z| . It induces
a unique metric on Li with property |ti| = |z|−qi . Using the correspondence between Li
and |Li|, it induces a metric on |Li| with the behavior |ei|= |z|ai(h)−qi near a marked point,
where ei is the corresponding local section of |Li|. In particular, it is a singular metric at
any marked point where L is Ramond.
As before, we assume that W = ∑Wi = ∑i(ci ∏l xbill ). Let u j = u˜ je j, then it is easy to
see that
(3) ∂W∂u j ∈ Klog⊗|L j|
−1
.
The bundle |L j|−1 is isomorphic to |L j| topologically. But there is no canonical isomor-
phism. However, we can choose an isomorphism compatible with the metric. It induces an
isomorphism I1 : Ω(Σ, |L j |−1⊗Λ0,1)→ Ω(Σ, |L j|⊗Λ0,1), such that for a section v = v˜e′j,
we have
I1(v˜e¯′j⊗ dz¯) = v˜|e′j|2e j ⊗ dz¯,
where e′j is the holomorphic basis of |L j|−1 such that e′j · e j = 1.
It is obvious that I1 is the unique metric-preserving isomorphism between the corre-
sponding two spaces, and it is independent of the choice of the local charts.
Since I1( ∂W∂u j ) ∈ Klog ⊗ |L j|, the W -spin equation is defined below as the first order
system of the sections u1, . . . ,ut :
¯∂ u j + I1
(
∂W
∂u j
)
= 0, for all j = 1, . . . , t.
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Remark 2.11. The desingularization of the orbifold line bundle L j induces isomorphisms
ρ j : Ω0(|L j|)→Ω0(L j) and ρ∗j : Ω0,1(|L j|)→Ω0,1(L j). It is easy to see that ρ∗ commutes
with ¯∂ and ∂W∂ u¯ j , hence the above W -spin equations can be regarded also as equations de-
fined on the orbicurve. However, we will study the W -spin equations in the resolution line
bundle |L j|.
Without loss of generality, we can assume that the surface Σ contains k disjoint closed
unit disc B1(zl) centered at marked points zl , l = 1, · · · ,k. Take a compact set Σ0 ⊂ Σ \
∪kl=1Be−1(zl) such that {Σ0,B1(z1), · · · ,Bk(zk)} forms a cover of Σ. Let ϕ0,ϕ1, · · · ,ϕk be
the C∞ partition functions subordinate to the above cover. We define the weighted Lp and
Lp1 norms of the section ui = u˜iei in B1(zl) as:
||ui||p;B1 =
(∫
B1(zl)
|u˜i|p|ei|p|dzdz¯|
)1/p
.
||ui||1,p;B1(zl) =
(∫
B1(zl)
(|u˜i|p + |∂ u˜i|+ | ¯∂ u˜i|p)|ei|p|dzdz¯|
)1/p
.
On the interior domain Σ0, the norm |ei| of the base ei is not singular, we have the usual
definition of Sobolev norm ||ui||W pk (Σ0) of ui.
The global Lp and Lp1 norms are defined as:
||ui||p = ||ϕ0ui||W p0 (Σ0)+
k
∑
l=1
||ϕlui||p;B1(zl).
||ui||1,p = ||ϕ0ui||W p1 (Σ0)+
k
∑
l=1
||ϕlui||1,p;B1(zl).
The weighted Sobolev space Lp1(Σ, |L j |) is defined as the closure of C∞0 (Σ\{z1, · · · ,zk}, |L j|)
under the norm || · ||1,p and Lp(Σ, |L j |⊗Λ0,1) is the closure of C∞0 (Σ \ {z1, · · · ,zk}, |L j|⊗
Λ0,1) under the norm || · ||p.
Definition 2.12. Sections (u1, . . . ,ut) are said to be regular solutions of the W -spin equa-
tions
(4) ¯∂u j + I1
(
∂W
∂ u¯ j
)
= 0,
if, for each j, we have u j ∈ L21(Σ, |L j|), and I1( ∂W∂u j ) ∈ L2(Σ, |L j| ⊗Λ0,1), and (u1, . . . ,ut)
satisfy the W -spin equations almost everywhere.
A regular solution is continuous near a Ramond marked point. Hence, it takes a value
at a Ramond marked point, which we call the residue of the solution.
The spin equation ¯∂u j + I1( ∂W∂ u¯ j ) = 0 has different properties near the Ramond marked
points and Neveu-Schwarz marked points.
Let u j = u˜ je j be a local expression in a coordinate near a marked point zl . The W -spin
equation becomes
(5)
¯∂ u˜i
∂ z¯ +∑j
∂Wj(u˜1, . . . , u˜t)
∂ u˜i
zΣ
t
s=1b js(as(hl)−qs)|e′i|2 = 0.
If all the monomials of W are Ramond, then we have
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(6)
¯∂ u˜
∂ z¯ +
∂W(u˜1, . . . , u˜t)
∂ u˜ j
1
z
|e′j|2 = 0.
In polar coordinates, this equation can be rewritten as
(7) 1
2
r(
∂
∂ r +
√−11
r
∂
∂θ )u˜ j +
∂W (u˜1, . . . , u˜t)
∂ u˜ j
r2q j = 0.
3. KEY EXAMPLES
If all the marked points are Neveu-Schwarz, an easy lemma by Witten shows that the
spin-equation has only the zero solution. This was the context people worked with on this
subject for a long time. It was not clear that in the presence of a Ramond marked point the
spin equation still should have only the zero solution. Indeed, for a while this was what
people hoped for. In this section, we exhibit examples of infinitely many regular nonzero
solutions of the Ar−1-spin equation degenerating to a non-regular solution. All the analysis
in this paper was designed with this example in mind.
We first start from local solutions of the Ar−1 spin equation.
Example 3.1 (A local solution of the Ar−1-spin equation near Ramond marked points).
Near a Ramond marked point, Equation (7) becomes
ρ
( ∂
∂ρ +
√−1 1ρ
∂
∂θ
)
u˜+ 2r ¯u˜r−1ρ 2r = 0.
If we assume further that u is a real function and depends only on the radius ρ , then we
have
du˜
dρ =−2ru˜
r−1ρ 2r−1.
Now a special local solution is given by
u˜ = (r2(r− 2)ρ 2r +C)− 1r−2 ,
where C is a positive constant.
An easy computation shows that u˜ ∈ Lp1 if and only if p < 21− 1
r
.
Example 3.2 (Global solutions). Let (CP1,3,z) be a marked sphere with two Ramond
marked points and one Neveu-Schwarz marked point with trivial action e2pi i(z,w) = (z,w).
We shall construct a sequence of global regular solutions of the Ar−1-spin equations.
Let CP1 =U0∪U1, where U0 = {[Z0,Z1]|Z0 6= 0}. Let z = Z1Z0 be the affine coordinate
in U0, so the Fubini-Study metric is given by
ω =
√−1
2pi
dz∧dz¯
(1+ |z|2)2 .
So the induced metric on the canonical bundle is given by
|dz|= 1+ |z|2.
In U0 the Ar−1-spin equation is given by
¯∂ u˜0
∂ z¯ +
r
z¯
(1+ |z|2)− 2r |z| 2r ¯u˜r−10 = 0.
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If we only consider the real-valued solution, then the above equation becomes
du˜0
dρ =−2ru˜
r−1
0 ρ
2
r
−1(1+ρ2)− 2r .
Therefore
u˜0(ρ) = [2r(r− 2)
∫ ρ
0
τ
2
r−1(1+ τ2)−
2
r dτ + u−(r−2)0 (0)]
− 1r−2 .
It is easy to check that u = u˜0( dzz )
1
r is really a global solution of the Ar−1-spin equation.
Namely if we represent u by u˜1 in the other local chart U1, then it also satisfies the Ar−1-
spin equation. Note that u˜0(z) = u˜1(z)(−1) 1r in U0∩U1.
One can easily obtain the relation:
R = u˜r1(0)+ u˜r0(0) = ur0(0)− (
∫
∞
0
(
τ
1+ τ2
)
2
r
1
τ
dτ + u0(0)−(r−2))−
r
r−2 > 0.
Thus, if R→ ∞(or u0(0)→ ∞), then
u˜0(ρ)→ [2r(r− 2)
∫ ρ
0
τ
2
r −1(1+ τ2)−
2
r dτ]−
1
r−2 ,
which is not a regular solution of the r-spin equation.
4. THE ¯∂ OPERATOR IN WEIGHTED SOBOLEV SPACES
The Fredholm theory of elliptic operators in weighted Sobolev spaces has been dis-
cussed by many authors (see [15], [17], [16] and references there). In this section, first
we recollect the work of Lockhart and Mcowen for general elliptic operators defined on a
noncompact manifolds with finite ends. Then as an application of their work, we list the
corresponding Fredholm properties for ¯∂ , while giving some useful estimates.
4.1. Lockhart-Mcowen theory. Suppose X is an n-dimensional noncompact manifold
without boundary, containing a compact set X0 such that
X \X0 = {(ω ,τ) : ω ∈ Ω,τ ∈ (0,∞)},
where Ω is a n− 1-dimensional closed Riemannian manifold with a smooth measure dω .
Let E,F be rank-d vector bundles over X . Denote by C∞(E) the set of smooth sec-
tions and C∞0 (E) the set of smooth sections with compact set. Choose a finite cover
{Ω1, · · · ,ΩN} of coordinate patches of Ω and let Xν = Ων × (0,+∞). We can continue
to choose a covering XN+1, · · · ,XM of coordinate patches of X0 such that E can be trivi-
alized over Xν ,ν = 1, · · · ,N, · · · ,M. Let u = (u1, · · · ,ud) be a trivialization of a section u
with compact support over Xν , we can define the norm
||u||W ps (Xν ) := ∑
|α |≤s
d
∑
l=1
||Dα ul||W p0 (Xν ), (D =−i∂/∂x)
where we use the measure dωdτ if ν = 1, · · · ,N. Let ϕ1, · · · ,ϕN+M be a set of C∞ partition
functions subordinate to the cover X1, · · · ,XN+M . We define a norm on C∞0 (E) by
||u||W ps =
N+M
∑
ν=1
||ϕνu||W ps (Xν )
SPIN EQUATIONS 11
and let W ps (E) be the closure of C∞0 (E) in this norm. We can add a weight at infinity to
generalize this space. Over Xν ,ν = 1, · · · ,N we define the weighted norm
||u||W ps,κ (Xν ) := ∑|α |≤s
d
∑
l=1
||eκτ Dα ul ||W p0 (Xν )
and replace W ps (E) by W ps,κ(E) whose norm is given below
||u||W ps,κ =
N+M
∑
ν=N+1
||ϕν u||W ps (Xν )+
N
∑
ν=1
||ϕνu||W ps,κ (Xν ).
Suppose A : C∞0 (E) → C∞0 (F) is a differential operator of order m and is translation
invariant in τ > 0. If d = 1, A has the form
A|Xν =
m
∑
q=0
Am−q(ω ,Dω )Dqτ ,
where Am−q(ω ,Dω) is a differential operator of order m− q in ω ∈ Ων .
If d > 1, then A is a d× d matrix of differential operator of order m and each entry has
the above form. Clearly A is a bounded operator from W ps+m,κ to W
p
s,κ .
If the vector bundles E and F have the decomposition
E =⊕Jj=1E j,F =⊕Ii=1Fi,
we can generalize the definition of weighted Sobolev spaces as
W ps,κ(E) =⊕Jj=1W ps j ,κ(E),W pr,κ(F) =⊕Ii=1W pri,κ(F).
Here s = (s1, · · · ,sJ),r = (r1, · · · ,rI) are multiple indices.
The operator A is also decomposed into Ai j : C∞0 (E j)→ C∞0 (Fi) with order s j − ri (if
s j < ri, we let Ai j = 0). Let A0(x,ξ ) : Ex → Fx be the principle symbol of A. We say A is
elliptic with respect to (s,r) if det(A0(x,ξ )) 6= 0 for any nonzero (x,ξ ).
Spectrum. Let ˜X = Ω×R be the full cylinder and let
˜E =⊕Jj=1 ˜E j, ˜F =⊕Ii=1 ˜Fi
are vector bundles over ˜X with the same rank. Suppose
A = A(ω ,Dω ,Dτ ) : C∞0 ( ˜E)→C∞0 ( ˜F)
be a translation invariant elliptic operator of order (s,r). Then
A : ˜W ps,κ( ˜E)→ ˜W pr,κ( ˜F)
is a bounded operator. Here the weights in ˜W ps,κ( ˜E) and ˜W pr,κ( ˜F) are extended over R.
Ellipticity and analyticity in λ can be used ([2, 3]) to show
(8) A(ω ,Dω ,λ ) : H ps ( ˜E|Ω)→ H pr (F |Ω)
is an isomorphism whenever λ ∈ C/CA, where CA is the spectrum of A(ω ,Dω ,λ ). De-
note its inverse by RA(λ ). It is know that there are only finitely many spectrum points in
any complex strip {λ : κ1 < Im(λ ) < κ2} and the eigenspace of each spectrum point is
finite dimensional. Denote by d(λ ) the dimension of the eigenspace corresponding to the
spectrum point λ and let DA := {Im(λ ) ∈R : λ ∈ CA}.
Take f ∈C∞0 (F) and consider its Fourier transformation:
ˆf (ω ,λ ) =
∫ +∞
−∞
exp[−iλ τ] f (ω ,τ)dτ.
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If κ ∈ R/DA, then the operator
(9) A−1κ f (ω ,τ) =
1
2pi
∫
Imλ=κ
exp[iλ τ]RA(λ ) ˆf (ω ,λ )dλ
is a bounded operator and is the inverse operator of A. We have the estimate:
(10) ||u||W ps,κ ≤C||Au||W pr,κ ,
where C is constant.
A priori estimate. Returning to the vector bundles E and F over X , we double their restric-
tions to Ω×R+ to define ˜E and ˜F on ˜X . Using the parametrix method we can obtain the a
priori inequality for any κ ∈R:
(11) ||u||W ps,κ ≤C(||Au||W pr,κ + ||u||W ps′,κ ) (s
′
j < s j)
Fredholm theory. The a priori estimate is not enough to establish the Fredholm theory,
since the embedding W p
s′,κ →W
p
s,κ is not compact.
Let X1 = X0 ∪ {(ω ,τ) : ω ∈ Ω,0 < τ ≤ 1}, ϕ1 ∈ C∞0 (X1), with ϕ1 = 1 on X0. Let
ϕ2 = 1−ϕ1. By (10) and (11), for any κ ∈ R\CA and u ∈W ps,κ we can obtain
||u||W psκ ≤C(||ϕ2Au||W pr,κ + ||ϕ1Au||W pr,κ
+ ||[ϕ1,A]u||W pr,κ + ||[ϕ2,A]u||W pr,κ + ||ϕ1u||W pr,κ )
≤C(||Au||W pr,κ + ||[ϕ1,A]u||W pr,κ + ||[ϕ2,A]u||W pr,κ + ||ϕ1u||W pr,κ )(12)
The above inequality shows that A has finite dimensional kernel and closed range. Fur-
thermore, Lockhart and Mcowen ([16]) proved the following theorem
Theorem 4.1. Suppose A is elliptic with respect to (s,r) and is translation invariant in
τ > 0. Then we have the following conclusions:
(1) There is a discrete set DA ⊂ R such that the operator
A : W ps,κ(E)→W pr,κ(F)
is Fredholm if and only if κ ∈ R\DA.
(2) For κ1,κ2 ∈ R\DA with κ1 < κ2, there is
iκ2(A)− iκ1(A) = N(κ1,κ2),
where iκ j is the Fredholm index of A : W ps,κ j (E) → W pr,κ j(F) and N(κ1,κ2) :=
∑{d(λ ) : λ ∈ CA with κ1 < Im(λ )< κ2}).
In general, X may have multiple cylindrical ends. Assume that there are k ends, X( j) =
{(ω ,τ) : ω ∈ Ω( j),τ ∈ R+}, j = 1, · · · ,k, where Ω( j) is n− 1-dimensional closed Rie-
mannian manifold. Then in different ends we can choose different weights κ . Let κ =
(κ(1), · · · ,κ(k)) ∈ Rk be the weight vector, then in the same way, we can discuss the
weighted Sobolev spaces W ps,κ(E) and W pr,κ(F) and the differential operators between them.
Let A( j)=A|X( j). Similarly we can define the corresponding quantities λ ( j)∈CA( j),DA j,d(λ ( j)).
Define DA = {(κ(1), · · · ,κ(k)) : for at least one j,κ( j) = Im(λ ( j)), where λ ( j) ∈
CA( j)}. Define κ1 ≤ κ2 is equivalent to κ1( j)≤ κ2( j) for any j. Let
N(κ1,κ2) := ∑{d(λ ( j)) : λ ( j) ∈ (CA( j)) with κ1( j) < Im(λ ( j))< κ2( j)}.
Lochhart and Mcowen([16]) had the generalization
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Corollary 4.2. If A is elliptic with respect to (s,r) and is translation invariant in each end
X( j). Then A : W ps,κ(E)→ W pr,κ(F) is Fredholm if and only if κ ∈ Rk \DA. If κ1,κ2 ∈
Rk \DA and κ1 ≤ κ2, then the change of Freholm index is given by
(13) iκ2(A)− iκ1(A) = N(κ1,κ2).
Note that when k > 1, DA is not a discrete set but the union of (k− 1)-dimensional hyper-
planes in Rk.
4.2. Fredholm theory for ¯∂ operator. In this section, we will prove some a priori es-
timate of the ¯∂ operator and then apply Lockhart-Mcowen’s theory to the ¯∂ operator in
weighted Sobolev space to show that ¯∂ is a Fredholm operator under some mild assump-
tions. However, we can’t use those estimates of the last section directly. When trans-
formed into cylindrical coordinates z = e−t−iθ , the norm || · ||1,p is not equivalent to the
norm || · ||W p1,κ . So we have to deduce our required estimates.
Let ¯∂u = f , where f ∈ C∞(B1(zl), |L j| ⊗Λ0,1). Choose cylindrical coordinates (z =
e−t−iθ ). Let
u = u˜e j
f = ˜f e j ⊗ dz¯ =− ˜f eiθ−te j⊗ (dt−
√−1dθ ).
Using cylindrical coordinates, the equation becomes
(14) ∂ u˜∂ t +
√−1 ∂ u˜∂θ =−2
˜f eiθ−t
Since || f ||p < ∞, this is equivalent to∫
∞
0
∫ 2pi
0
| ˜f |pe−p(a j(hl)−q j)t−2tdtdθ < ∞.
Let a j,l = a j(hl)− q j + 2p , then the integral becomes∫
| ˜f e−a j,lt |p < ∞.
A special solution us. Extend ˜f symmetrically to (−∞,∞), and we get an equation of the
form (14) defined on the whole real line.
The operator ¯∂ t,θ := 12 (∂t +
√−1∂θ ) is translation invariant, and the spectrum of the
eigenvalue problem (iλ +
√−1 ∂∂θ )ϕ = 0 is iZ. If κ 6∈ Z, then by the result of last section,
we can construct the inverse
u˜s = ( ¯∂ t,θ )−1κ (−2 ˜f eiθ−t)
which satisfies the inequality
(15) ||u˜s||W p1,κ ≤C||2 ˜f e
−t ||W p0,κ .
For convenience, we let us = u˜se j = Qs ◦ ( f ).
Now choosing κ− 1 =−a j,l in (15), we have∫
∞
−∞
∫ 2pi
0
|u˜se(1−a j,l)t |pdtdθ ≤C
∫
∞
−∞
∫ 2pi
0
| ˜f e−a j,l t |p.
So ∫
∞
−∞
∫ 2pi
0
|u˜set |pe−p(a j(hl)−q j)t−2tdtdθ ≤C
∫
∞
0
∫ 2pi
0
| ˜f |pe−p(a j(hl)−q j)t−2tdtdθ ,
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which induces
(16)
∫
B1(0)
|us
z
|p|dzdz¯| ≤C
∫
B1(0)
| f |p|dzdz¯|.
On the other hand, by (15) we have the estimate of derivatives:∫
B1(0)
(|∂zu˜s|p + |∂z¯u˜s|p)|z|p(a j(hl)−q j)|dzdz¯|
=
∫
∞
0
∫ 2pi
0
(|∂t u˜s|p + |∂θ u˜s|pept)e−p(a j(hl)−q j)te−2tdtdθ
=
∫
∞
0
∫ 2pi
0
(|∂t u˜s|p + |∂θ u˜s|p)ep(1−a j,l)tdtdθ
≤C
∫
B1(0)
| f |p|dzdz¯|.(17)
For the estimate of the Lp norm of us, we have
(18)
∫
|us|p =
∫
S1×(0,∞)
|u˜|pe−pa j,lt ≤
∫
S1×(0,∞)
|u˜|pep(1−a j,l)t ≤C
∫
| f |p.
Combining (17) and (18), we obtain
(19) ||us||Lp1 (B1) ≤C|| f ||Lp(B1).
Now we apply the ordinary Sobolev embedding theorem to the function u˜src, where
c := c j,l := (a j(hl)− q j), to get the weighted Sobolev embedding inequalities for us.
If p ≤ 2, then for 1 < q < 2p2−p ,
||u˜src||W q0 ≤C||u˜sr
c||W p1
≤C
(∫
|∂r(u˜src)|p + 1
rp
∣∣∣∣ ∂∂θ (u˜src)
∣∣∣∣p + |u˜src|p
) 1
p
=C
(∫
(|∂ru˜s|p + 1
rp
|∂θ u˜s|p +
∣∣∣∣ u˜sr
∣∣∣∣p + |u˜s|p)rcp
) 1
p
≤C
(∫
(|∂ru˜s|p + 1
rp
|∂θ u˜s|p)rcp + |u˜s|prcp
) 1
p
=C||us||1,p,
where the third inequality comes from the relation (16). Particularly, when p = 2, we have
for any 1 < q < ∞,
||us||q ≤C||us||1,2.
If p > 2, by similar argument we have
||us||Cα ≤C||us||1,p,
where 0 < α < 1− 2p .
In summary, we have
Lemma 4.3. If f ∈ Lp(B1(0), |L j| ⊗Λ0,1) for p satisfying the condition a j,l = a j(hl)−
q j + 2/p 6∈ Z, then the special solution us = Qs ◦ f satisfies the following estimates:
(1) if 1 < p < ∞, then
(20) ||us||1,p;B1(0)+ ||
us
z
||p;B1(0) ≤C|| f ||p;B1(0);
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(2) if 1 < p ≤ 2, and 1 < q < 2p2−p , then
(21) ||us||q;B1(0) ≤C||us||1,p;B1(0) ≤C|| f ||p;B1(0);
(3) if p > 2, and 0 < α < 1− 2p , then
(22) ||u˜src||Cα (B1(0)) ≤C||us||1,p;B1(0) ≤C|| f ||p;B1(0),
where c = a j,l − q j.
Estimate of the homogeneous solution. Let u = u˜e j satisfy ¯∂u = 0 in B1(0), so we have
¯∂ u˜ = 0. We have the interior estimate
||u˜||W sk (B1(0)) ≤C||u˜||W s0 (B+1 (0)),∀s > 0,
where B+1 (0) is a ball which is a little bit larger than B1(0).
Let p > 1, then for sufficiently small s > 0 we have
||u˜||sW s0 (B+1 (0)) =
∫
B+1 (0)
|u˜|s|z|sc|z|−sc
≤
(∫
|u˜|p|z|cp
) s
p
(∫
|z|−scpp−s
) p−s
p
≤C(
∫
|u˜|p|z|cp) sp =C||u||sp,
Therefore, for any k ≥ 0 and small s > 0, we have
(23) ||u˜||W sk (B1(0)) ≤C||u||p;B+1 (0).
Actually, we have a refined inequality
(24) ||u˜||W sk (B1(0)) ≤C||u||p;B+1 (0)\B 12 (0)
,
since |u| is a subharmonic function and we can use the maximum principle.
By the Sobolev embedding theorem, we have
||u˜||Ck(B1(0)) ≤C||u||p;B+1 (0)\B 12 (0)
,∀k ≥ 0.
Now using the Ck norm estimate, it is easy to obtain the following lemma.
Lemma 4.4. Let ¯∂ u = 0 and u ∈ Lp(B+1 (0), |L j|) for p > 1. We have the estimate:
(1) for any k ≥ 0 and 1 < q < ∞, there exists a C such that
||u˜||W qk (B1(0)) ≤C||u||p;B+1 (0)\B 1
2
(0).
(2) if c≥ 0, then for 1 < q < ∞, there exists a C such that
||u||1,q;B1(0) ≤C||u||p;B+1 (0)\B 1
2
(0).
(3) if c < 0, then for 1 < q < 2q j , there exists a C such that the above inequality in (2)
holds.
Combining Lemma 4.3 and 4.4, we have
Corollary 4.5. If c > 0 at zl = 0, then for 1 < p < 2/(1− ¯δ j), where ¯δ j = minl:c jl>0(c jl),
there is
(25) ||u||1,p;B1(0)+ ||
u
z
||p;B1(0) ≤C||u||1,p;B1(0).
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Proof. For any u ∈ Lp1(B1(zl), |L j |), there is a special solution us such that ¯∂us = ¯∂u and
satisfies
||us||1,p;B1(0)+ ||
us
z
||p;B1(0) ≤C|| ¯∂ u||p;B1(0).
On the other hand, we have ¯∂ (u− us) = 0. So by Lemma 4.4,
||u˜− u˜s||C0 ≤C||u− us||p.
Therefore when c > 0 we have∫
B1
∣∣∣∣ u˜− u˜sz
∣∣∣∣p |z|pc ≤C||u− us||pp ∫B1(0) |z|p(−1+c) ≤C||u||1,p.
This shows that
||u
z
||p ≤ ||u− us
z
||p + ||us
z
||p ≤C||u||1,p.

The following lemma is useful in proving inner compactness.
Lemma 4.6. If c ≤ 0, then for 1 < p < ∞ and any u = u˜e j ∈ Lp1(B1(0), |L j |) satisfying
u(0) = 0, there is
||u||1,p;B1(0)+ ||
u
z
||p;B1(0) ≤C||u||1,p;B1(0).
Proof. This lemma is an easy consequence of the following Hardy inequality ([8]):∫
∞
0
| f (t)
t
|ptε dt ≤
[
p
ε − p+ 1
]p ∫ ∞
0
| f ′(t)|ptεdt,
for any f ∈C∞0 (0,∞), limt→0 f (t) = 0 and ε 6= p− 1. 
Lemma 4.7. Let ¯∂ u = f in B+1 (0), where u ∈ Lp(B+1 (0), |L j |) and f ∈ Lp(B+1 (0), |L j| ⊗
Λ0,1). Then u ∈ Lp1(B+1 (0), |L j|) and the inequality
(26) ||u||1,p;B1(0) ≤C
(
||u||p,B+1 (0)\B 1
2
(0)+ || f ||p,B+1 (0)
)
holds if the following two conditions are satisfied:
• a j,l = a j(hl)− q j + 2/p 6∈ Z;
• either c ≥ 0, 1 < p < ∞ or c < 0, 1 < p < 2q j .
Proof. Under the assumptions on the parameters c and p, one has
||u||1,p;B1(0) ≤ ||u− us||1,p + ||us||1,p ≤C(||u− us||p,B+1 (0)\B 1
2
(0)+ || f ||p)
≤C(||u||p,B+1 (0)\B 1
2
(0)+ ||us||p + || f ||p)≤C(||u||p,B+1 (0)\B 1
2
(0)+ || f ||p,B+1 (0)).

Now by the above lemma, it is easy to obtain the following global estimate.
Lemma 4.8. Let ¯∂u = f on Σ, where u ∈ Lp(Σ, |L j |) and f ∈ Lp(Σ, |L j | ⊗Λ0,1). Then
u ∈ Lp1 , and the inequality
(27) ||u||1,p ≤C(||u||Lp(Σ\∪kl=1B 12 (zl))
+ || ¯∂u||p)
holds if the following two conditions are satisfied:
• if a j,l = a j(hl)− q j + 2/p 6∈ Z for any l = 1, · · · ,k.
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• either 1 < p < ∞ in the case that c jl ≥ 0 at all marked points, or 1 < p < 2q j if
c jl < 0 at some marked point.
Now by the previous result, we will show below that ¯∂ : Lp1(Σ, |L j|)→ Lp(Σ, |L j |⊗Λ0,1)
is a Fredholm operator.
Under the coordinate transformation z = e−t−iθ , the neighborhood of a marked point
zl can be viewed as a half infinite cylinder. We can define the weighted Sobolev space
W p
s,κ j,l(p)
as in last section on B1(zl)\{zl}=(S1× [0,∞)), where κ j,l(p)=−a j,l =−a j(zl)+
q j−2/p. Similarly we can define the global space W ps,κ(p)(Σ×C), where κ(p)= (κ j,1(p), · · · ,κ j,k(p)).
Also we have the expression:
¯∂ =−1
2
et−iθ (∂t +
√−1∂θ ).=:−et−iθ ¯∂ t,θ .
When changed to the cylinder coordinates, the space Lp1(B1(zl)) is equivalent to the space
ˆW p
s,1+κ j,l(p)
whose norm
||u˜||
ˆW p
s,1+κ j,l (p)
= {
∫
(|u˜|peκ j,l pt)+ (|∂t u˜|p + |∂θ u˜|p)e(1+κ j,l)pt}1/p.
Now it is easy to see that the map ¯∂ : Lp1(Σ)→ Lp(Σ) is equivalent to the composition
of the two maps
ˆW p1,1+κ(p)
¯∂ t,θ−−→W p0,1+κ(p)
−et−iθ−−−−→W p0,κ(p).
Since the map −et−iθ · is an isomorphism, hence ¯∂ is Fredholm iff ¯∂ t,θ is Fredholm
and index( ¯∂ ) = index( ¯∂ t,θ : ˆW p1,1+κ(p) → W
p
0,1+κ(p)). Lemma 4.8 shows that ¯∂ t,θ has
finite-dimensional nullspace and closed image. If κ(p) 6∈ Zk, then by Theorem 4.1 ¯∂ t,θ :
W p1,1+κ(p) → W
p
0,1+κ(p) is Fredholm, in particular the image ¯∂ t,θ (W
p
1,1+κ(p)) has finite-
dimensional cokernel. Since W p1,1+κ(p) = ˆW
p
1,1+κ(p)∩W
p
0,1+κ(p),
¯∂ t,θ ( ˆW p1,1+κ(p)) also has
finite-dimensional cokernel. Therefore we proved that ¯∂ is Fredholm under the assump-
tion for p.
Boundary value problem and index computation. To compute the index of ¯∂ , we need the
index gluing formula and consider the related boundary value problem.
Let zl be a marked point, and consider the restriction of the bundle |L j|B on the disc
B1(zl). Assume that B1(zl)×C → |L j|B : (z,w) → Ψl(z)w is a trivialization such that
Ψl(eiθ )R forms a totally real bundle on S1l = ∂B1(zl). Define the space
Lp,B1 (l) := {u ∈ Lp1(B1(zl)) : u(eiθ ) ∈ Ψl(eiθ )R}.
Under the (t,θ ) coordinates, this space is equivalent to ˆW p,B1,1+κ j,l which is the subspace
of ˆW p1,1+κ j,l satisfying the boundary value condition u˜(e
−iθ ) ∈ Ψl(eiθ )R. Similarly, one
can define the space W p,B1,1+κ j,l . Also we can define the space on the interior
W p,B1 (inn) := {u˜ ∈W p1 (Σ\∪lB1(zl)); u˜(eiθ ) ∈Ψl(eiθ )R for eiθ ∈ S1l }.
The above complex Sobolev spaces can be viewed as real Sobolev spaces of real 2-
dimensional vector functions and the Cauchy-Riemann operator ¯∂ becomes a real linear
Fredholm operator. By totally the same way as in the appendix of [MS], one can prove the
index gluing formulas:
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Lemma 4.9. (1) index( ¯∂ t,θ : ˆW p1,1+κ →W p0,1+κ)= index( ¯∂ t,θ :W p,B1 (inn)→W p0 (inn))+
∑kl=1 index( ˆW p,B1,1+κ j,l →W
p
0,1+κ j,l )
(2) index( ¯∂ t,θ :W p1,1+κ →W p0,1+κ)= index( ¯∂ t,θ :W p,B1 (inn)→W p0 (inn))+∑kl=1 index(W p,B1,1+κ j,l →
W p0,1+κ j,l )
Theorem 4.10. If 1 < p < 2q j and a j(hl)−q j+2/p 6= 1,2 for any l, then ¯∂ : L
p
1(Σ, |L j |)→
Lp(Σ, |L j |⊗Λ0,1) is a Fredholm operator. In particular, if 2 < p < 2/(1− ¯δ j) we have the
relation
index( ¯∂ : Lp1(Σ, |L j |)→ Lp(Σ, |L j |⊗Λ0,1)) =
index( ¯∂ t,θ : W p1,1+κ →W p0,1+κ)+ #{zl : c jl < 0}
and the index is independent of p in the interval (2,2/1− δ j).
Proof. We have already proved that ¯∂ : Lp1(Σ, |L j |)→ Lp(Σ, |L j| ⊗Λ0,1)) is a Fredholm
operator if 1 < p < 2/q j and a j(hl)− q j + 2/p 6= 1,2. Since the index of ¯∂ is equal to the
index of ¯∂ t,θ : ˆW p1,1+κ →W p0,1+κ , by Lemma 4.9 we only need to compare the index of the
operators ¯∂ t,θ : ˆW p,B1,1+κ j,l →W
p
0,1+κ j,l and
¯∂ : W p,B1,1+κ j,l →W
p
0,1+κ j,l near each marked point
zl . Corollary 4.5 shows that if 2 < p < 2/1− ¯δ j then W p1,1+κ j,l = ˆW
p
1,1+κ j,l ∩W
p
0,1+κ j,l =
ˆW p1,1+κ j,l . Therefore near marked points with c jl > 0, the two indices are equal. The rest
case is to compare the indices near marked points with c jl < 0.
If c jl < 0 at zl , we have 0 < 1+κ j,l < 1 if 2 < p < 2/q j. If p > 2, we have the inclusion
W p0,1+κ j,l ⊂W 20 which implies that
coker( ¯∂ t,θ : ˆW p,B1,1+κ j,l →W
p
0,1+κ j,l ) = coker(
¯∂ t,θ : W p,B1,1+κ j,l →W
p
0,1+κ j,l ).
On the other hand, since the group action is trivial for the resolved bundle |L j| → S1×
[0,∞), the localization Ψl obtained by resolving operation satisfies Ψl(eiθ )R = R. Thus
if u˜ ∈ ker( ¯∂ t,θ : ˆW p,B1,1+κ j,l →W
p
0,1+κ j,l ), then u˜|S1×{0} is a real function. In particular a real
number is an element in the kernel. By Lemma 4.6, we know that
ˆW p,B1,1+κ j,l ∩{u˜ ∈C(S
1× [0,∞)) : u˜(∞) = 0}=W p,B1,1+κ j,l .
So combining those consideration, we have
index( ¯∂ t,θ : ˆW p,B1,1+κ j,l →W
p
0,1+κ j,l ) = index(
¯∂ t,θ : W p,B1,1+κ j,l →W
p
0,1+κ j,l )+ 1.
By Lemma 4.9, we obtain the conclusion. 
Remark 4.11. In Theorem 4.10 we only proved an index transformation formula for 2 <
p < 2/(1− ¯δ j) and have not considered the case for general p and not computed the con-
crete index. One reason is that the moduli problem we consider is based on orbicurves—not
the resolved curves, for which we can’t do the gluing operation. However the analysis on
resolved curves is more understandable, and the result is easily translated into results on
orbicurves. Therefore, we concentrates only on the analysis of resolved curves.
5. INNER COMPACTNESS OF THE SOLUTION SPACES OF W -SPIN EQUATIONS
In this section, we will discuss the compactness problem for the W -spin equations. We
will prove if R, the sum of the residues of W (u1, . . . ,ut) at each Ramond marked point, is
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finite, then the corresponding solution space is compact, hence the so-called “inner com-
pactness” holds. However, as shown by Example 3.2, if R is infinite, then the space of the
regular solutions is not compact. The singular solutions of the W -spin equations should be
added to compactify the solution space.
Above all we prove that the regular solutions of the W -spin equations lie in Lp1 space for
some p > 2.
Denote by Pi(u) the nonlinear term of the W -spin equations (4). Then ui = ui,s +(ui−
ui,s), where ui,s = −Qs ◦Pi(u) is the special solution we constructed before. We have the
estimate by (2) of Lemma 4.3
(28) ||ui,s||q;B1(zl) ≤C||ui,s||1,2;B1(zl) ≤C||Pi(u)||2;B1(zl),
for any 1 < q < ∞. On the other hand, ui− ui,s is a meromorphic section with a possible
singularity at the marked points. Since ui − ui,s ∈ L21, by the restriction of integrability,
ui− ui,s should be a holomorphic section by (1) of Lemma 4.4.
There are two cases:
(1) if cil ≥ 0, then by (2) of Lemma 4.4, ui − ui,s is Lq integrable for any q with
1 < q < ∞.
(2) if cil < 0, then by (3) of Lemma 4.4, ui− ui,s is Lq integrable for 1 < q < 2qi .
So, at least ui is Lq integrable for 1 < q < 2qi , i = 1, . . . , t. Moreover, by Lemma 4.4, we
have
(29) ||ui− ui,s||q,B1(zl) ≤C||ui− ui,s||2;B1(zl) ≤C(||ui||2;B1(zl)+ ||ui,s||2;B1(zl)),
for 1 < q < 2qi , i = 1, . . . , t. The inequalities (29) and (28) induce
(30) ||ui||q;B1(zl) ≤C(||ui||2;B1(zl)+ ||Pi(u)||2;B1(zl)),
for 1 < q < 2qi , i = 1, . . . , t.
Remark 5.1. We can use the global Lp-estimate of the ¯∂ operator in weighted Sobolev
space to get the estimate of the Lp1 norm, but the classical Sobolev embedding theorem
can’t be used here to get the estimate of the Lq norm.
We estimate the norm
∣∣∣∣∣∣ ∂W∂ui ∣∣∣∣∣∣pp for some p > 2. For simplicity, we take a monomial Wl .
Since Σ jbl jq j = 1, we have bl jq j < 1 for each j. Choose p,ε such that 0 < ε < qi,2 ≤ p
and p(1− ε)< 2.
If bli 6= 1, we can choose the Ho¨lder index group(
1− ε
bl1q1
, . . . ,
1− ε
(bli− 1)qi
, . . . ,
1− ε
bltqt
,
1− ε
qi− ε
)
for small ε such that each entry greater than 1. By the Ho¨lder inequality, we have∣∣∣∣
∣∣∣∣∂Wl∂ui
∣∣∣∣
∣∣∣∣p
p;B1(zl )
=
∫
|u1|pbl1 . . . |ui|(bli−1)p . . . |ut |pblt
≤
(∫
|u1|
p(1−ε)
q1
) q1bl1
1−ε
. . .
(∫
|ui|
p(1−ε)
qi
) qi(bli−1)
1−ε
. . .
(∫
|ut |
p(1−ε)
qt
) qt blt
1−ε
|Σ| qi−ε1−ε
≤C (||ui||2, ||Pi(u)||2)≤ ∞.(31)
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If bli = 1, we use, instead, the following Ho¨lder index group to obtain the analogous
estimate: (
1− ε
bl1q1
, . . . ,
1− ε
bli−1qi−1
,
1− ε
bli+1qi+1
. . . ,
1− ε
bltqt
,
1− ε
qi− ε
)
.
Thus, if we let δ = min{q1, . . . ,qt} and choose 2 ≤ p < 21−δ , then ∂W∂ui is L
p integrable
for any i. Combining the interior estimate and the estimate near the marked points, we
obtain
Lemma 5.2. Suppose (u1, . . . ,ut) are solutions of the W-spin equations (4), then ui is Lp1
integrable and ∂W∂ui is L
p integrable for 2 ≤ p < 21−qi , and there is the estimate
||ui||1,p ≤C
(
||ui||p +
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
p
)
≤C
(
||ui||2,
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
)
,
where C(||ui||2, || ∂W∂ui ||2) is a constant depending on the norms ||ui||2, and
∣∣∣∣∣∣ ∂W∂ui ∣∣∣∣∣∣2.
Corollary 5.3. Suppose u is the solution of an r-spin equation, then u is smooth away from
the marked points and is Lp1 integrable for 2 ≤ p < 21− 1r .
By the above lemma and using the classical Sobolev embedding theorem near the Ra-
mond marked points (since in this case the weighted norm control the classical norm), we
know each u˜i is continuous at marked point zl with cil < 0 and have the estimate:
(32) |u˜i|C0 ≤C||u˜i||W p1 (B1(zl)) ≤C||ui||1,p;B1(zl).
Therefore, we can give the following definition.
Definition 5.4. Suppose that z is a Ramond point and Wj is a Ramond monomial in W ,
then for sections ui, i = 1, . . . , t, Wj(u1, . . . ,ut) lies in the log-canonical bundle Klog. Then
ResWj at z is defined as the coefficient of the base dzz . If locally we have the representation
ui = u˜iei, then ResWj(u1, . . . ,ut)|z =Wj(u˜1(z), . . . , u˜t(z)).
Further estimate of the W -spin equations
Consider the following integral
∑
i
(
¯∂ui, I1
(
∂W
∂ui
))
L2
over Σ.
We will show that the Neveu-Schwarz marked points and the Ramond marked points
have different contributions to the integral. For simplicity, we assume there is only one
marked point on a smooth curve Σ.
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1. Assume at this marked point zl = 0 that the monomial Wj is Ramond, then
∑
i
( ¯∂ui, I1(
∂Wj
∂ui
))L2(Σ) = lim
ε→0∑i (
¯∂ui, I1(
∂Wj
∂ui
))L2(Σ\Bε (0))
= lim
ε→0∑i
∫
Σ\Bε (0)
(
¯∂ u˜i
∂ z¯ dz¯⊗ ei,
∂Wj(u˜1, . . . , u˜t)
∂ u˜i
1
z
|e′i|2ei⊗ dz¯)
= lim
ε→0∑i
∫
¯∂ u˜i
∂ z¯
∂Wj(u˜1, . . . , u˜t)
∂ u˜i
1
z
dz∧dz¯
√−1
2
(since ∗ (|e′i|2ei = e′i))
= lim
ε→0
√−1
2
∫
¯∂
∂ z¯ (Wj(u˜1, . . . , u˜t))
1
z
dz∧dz¯
= lim
ε→0
√−1
2
∫
∂Bε (0)
Wj(u˜1, . . . , u˜t)
z
dz =−piWj(u˜1(0), . . . , u˜t(0)).
2. Assume at this marked point that Wj is Neveu-Schwarz. Furthermore without loss of
generality, we can assume that for 1 ≤ i ≤ tl the bundles |Li| are Ramond and for tl + 1 ≤
i≤ t the bundles |Li| are Neveu-Schwarz.
We have
∑
i
( ¯∂ ui, I1(
∂Wj
∂ui
))L2 = ∑
i
∫
(
¯∂ u˜i
∂ z¯ dz¯⊗ ei,
∂Wj(u˜1, . . . , u˜t)
∂ u˜i
z∑
t
s=1 b js(as(h0)−qs)|e′i|2ei⊗ dz¯)
= lim
z→0
−piWj(u˜1(z), . . . , u˜t(z))z∑ts=1 b js(as(h0)).
If 1 ≤ i≤ tl , then ai(h0) = 0. the C0 norm of u˜i is controlled by inequality (32). If tl +1 ≤
i≤ t, ci0 ≤ 0 and ai(h0)> 0, we still have the control of the C0 norm by (32). Assume that
tl + 1≤ i ≤ t and ci0 > 0. By Corollary 4.5, if 2 ≤ p < 21− ¯δi , then
||ui||1,p;B1(0)+ ||
ui
z
||p,B1(0) ≤C
(
||ui||2,
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
)
.
This is equivalent to
(33) ||u˜irci0 ||W p1 (B1(0)) ≤C
(
||ui||2,
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
)
,
for ci0 > 0.
By the Sobolev embedding inequality, we have
|u˜i(z)rci0 |C0(B1(0)) ≤C
(
||ui||2,
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
)
.
Therefore,
|Wj(u˜1(z), . . . , u˜t(z))z∑ts=1 b js(as(h0))|
≤C
(
||ui||2,
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
)
r
mintl+1≤i≤t{ai(h0),qi}
So we have
∑
i
(
¯∂ui, I1
(
∂Wj
∂ui
))
L2
= 0.
If Σ is a nodal curve, then by a similar argument, we can prove that the nodal points
make no contribution to the integral.
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In general, if there are multiple marked points, one has
∑
i
(
¯∂ui, I1
(
∂W
∂ui
))
L2
= ∑
j
∑
i
(
¯∂ui, I1
(
∂Wj
∂ui
))
L2
=−pi ∑
zl :Ramond
∑
j:Wj isRamond
Wj(u˜1(zl), . . . , u˜t(zl))
=−pi ∑
zl :Ramond
∑
j:Wj isRamond
ResWj(u1, . . . ,ut)|zl .
Let R := ∑zl :Ramond ∑ j:Wj isRamond ResWj(u1, . . . ,ut)|zl , then we have
0 = ∑
i
(
¯∂ui, ¯∂ui + I1
(
∂W
∂ui
))
L2
= || ¯∂u||22−piR.
Therefore, we obtain
(34) ∑
i
|| ¯∂ui||22 = piR.
and so
(35) ∑
i
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣2
2
= piR.
Theorem 5.5. Suppose that ui, i = 1, · · · , t, are regular solutions of the W-spin equation.
Let R := ∑zl :Ramond ∑ j:Wj isRamond ResWj(u1, . . . ,ut)|zl , then we have
∑
i
|| ¯∂ui||22 =∑
i
∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣2
2
= piR.
Corollary 5.6 (Witten’s lemma). Assume that W is non-degenerate. If all the marked
points on Σ are Neveu-Schwarz points, then the only regular solution of the W-spin equa-
tion is the zero solution.
By inequality (33), we obtain the following proposition about the smoothness of u˜i at
the marked point z0 with ci0 > 0:
Proposition 5.7. Assume z0 is a Neveu-Schwarz point of |Li| with ci0 > 0, then u˜i|z|ai(h0)−qi
is continuous at z0.
Controlling norms of ui by R
Our aim is to control the suitable norms (Sobolev norms or Ho¨lder continuous norms)
of the solutions ui by R, the sum of residues of W at Ramond marked points.
Theorem 5.8. Let W ∈C[x1, . . . ,xn] be a non-degenerate, quasi-homogeneous polynomial
with weights qi := wt(xi) < 1 for each variable xi, with i = 1, . . . ,n. Then for any n-tuple
(u1, . . . ,un) ∈ Cn we have
|ui| ≤C
(
n
∑
j=1
∣∣∣∣∂W∂xi (u1, . . . ,un)
∣∣∣∣+ 1
)δi
,
where δi = qimin j(1−q j) and the constant C depends only on W . If qi ≤ 1/2 for all i ∈
{1, . . . ,n}, then δi ≤ 1 for all i ∈ {1, . . . ,n}. If qi < 1/2 for all i ∈ {1, . . . ,n}, then δi < 1
for all i ∈ {1, . . . ,n}.
An immediate corollary is the following.
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Corollary 5.9. Let W ∈ C[x1, . . . ,xn] be a non-degenerate, quasi-homogeneous polyno-
mial with weights qi := wt(xi) ≤ 1/2. If (u1, . . . ,un) are regular solutions of the W-spin
equations, then ui is Lp1 integrable and
∂W
∂ui is L
p integrable for 2 ≤ p < 21−qi , and we have
the estimate
||ui||1,p ≤C
(∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣
2
+ 1
)
,
where C is a constant independent of ui, for all i = 1, . . . , t.
The proof of the theorem depends primarily on the following.
Lemma 5.10. For any non-degenerate, quasi-homogeneous polynomial W ∈ C[x1, . . . ,xn]
and any n-tuple s1, . . . ,sn ∈ Cn, the values (u1, . . . ,un) ∈ Cn that satisfy
∂W
∂xi
(u1, . . . ,un) = si
also satisfy a quasi-homogeneous polynomial
pi(xi) ∈ C[s1, . . . ,sn][xi]
whose highest degree term in xi is constant (that is, independent of s1, . . . ,sn).
The polynomial pi corresponds to a sort of “resultant” of the polynomials fi := ∂W∂xi − si.
Proof (of Lemma 5.10). Since W is quasi-homogeneous, the polynomials fi := ∂W∂xi − si ∈
C[x1, . . . ,xn,s1, . . . ,sn] are also quasi-homogeneous, of total weight 1− qi, provided si is
assigned weight 1− qi as well. Let X denote the closed subvariety of weighted projective
space P2n−1(q1,...,qn,1−q1,...,1−qn) defined by the vanishing of all the fi:
X = Z( f1, . . . , fn)⊆ P2n−1(q1,...,qn,1−q1,...,1−qn).
Any point of X of the form (a1; . . . ;ai; . . . ;an;0; . . . ;0) corresponds to a non-trivial solution
of ∂W∂X j = 0; thus the linear subspace
Ei := Z(xi,s1, . . . ,sn) = {(a1; . . . ;0; . . .an;0; . . . ;0)} ⊆ P2n−1(q1,...,1−qn)
does not intersect X when W is non-degenerate.
The projection pii from Ei to the subspace {(0; . . . ;xi;0; . . . ;0;s1; . . . ;sn)}∼=Pn(q1,1−q1,...,1−qn)
is a proper morphism of projective varieties, and thus the image pii(X) ⊆ Pn(qi,1−q1,...,1−qn)
is a closed subvariety. Moreover, pii(X) is not all of Pn(qi,1−q1,...,1−qn); otherwise the point
(1;0; . . . ;0) ∈ Pn(qi,1−q1,...,1−qn) would have a point in X lying over it, and that would con-
tradict the non-degeneracy of W . Consequently, pii(X) lies in a hypersurface defined by a
quasi-homogeneous polynomial pi ∈ C[xi,s1, . . . ,sn], such that pi(1;0 . . . ;0) is not zero.
In particular, if we write pi as a polynomial in xi with coefficients in C[s1, . . . ,sn], then
the leading coefficient is constant—independent of s1, . . . ,sn. 
Writing pi as a polynomial in xi, we have
pi(xi) =
N
∑
l=0
cl(s1, . . . ,sn)x
N−l
i .
To bound the size of xi in terms of the s j, we must calculate bounds on the degree in s j
of each coefficient cl . For each l, each term of cl will be of the form αsσ11 · · · sσnn for some
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non-negative integers σ j and for α ∈ C. Since pi is quasi-homogeneous, we have
Nqi = (N− l)qi +∑
j
wt(s j)σ j
= (N− l)qi +∑
j
(1− q j)σ j.
So
lqi ≥
(
∑
j
σ j
)
min
j
{1− q j}.
Letting δi = qimin j(1−q j) , we have
lδi ≥∑
j
σ j.
This gives
|cl(s1, . . . ,sn)| ≤ K(∑
j
|s j |+ 1)lδi
for some constant K, depending on l and W , but independent of all s j .
The following lemma is a simple consequence of the Gersˇgorin disc theorem and is the
final tool that we need to bound the roots of the polynomial pi.
Lemma 5.11. For any polynomial f (x) = xN +∑Nl=1 αlxl−1, and any N-tuple of positive
real numbers ρ1, . . . ,ρN , let D be the maximum of ρl/ρl−1 +ρlαl/ρN for N ≥ l ≥ 2 and
ρ1α1/ρN . Then the roots of f lie in the circle
{|z| ≤ D}.
Proof. The lemma follows immediately from applying the Gersˇgorin disc theorem [7, Thm
6.1.1] to the N×N matrix BA f B−1, where B is the diagonal matrix B := diag(ρ1, . . . ,ρN),
and A f is the companion matrix [7, Def 3.3.13] of f . 
Applying Lemma 5.11 with ρl =
(
∑ j |s j|+ 1
)lδi and f = pi shows that the roots of pi
are bounded by
|xi| ≤C
(
∑
j
|s j|+ 1
)δi
for some constant C that depends only on W . This completes the proof of Theorem 5.8.
Remark 5.12. The non-degeneracy of W is essential to the proof of Theorem 5.8. For
example, if W = u2v2 + u4 then both partial derivatives are zero for u = 0 and v arbitrary;
thus we cannot control v by the partial derivatives.
Proof of Theorem 1.1.
Suppose that {un1, . . . ,unt } is a sequence of solutions of the W -spin equation
¯∂uni + I1
(∂W
∂ui
(un1, . . . ,u
n
t )
)
= 0.
Let uni = u˜ni ei in a local coordinate. We will discuss the compactness of the solutions in
two domains.
(1). Compactness in the interior domain away from the marked points.
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In this case, the W -spin equations have the following form:
¯∂ u˜ni +
∂W
∂ u˜i
(u˜n1, . . . , u˜
n
t )φ = 0,
where φ is a C∞ function. By Corollary 5.9, we have
||u˜ni ||W p1 (inn) ≤CR.
Here “inn” means the inner domain which has a positive distance to those marked points.
Therefore, by the standard argument of compactness, there exists a C∞ function u˜i and a
subsequence u˜ni (same notation as earlier) such that
u˜ni → u˜i in Ck and ordinary W pk norms,
for any integer k ≥ 0. The u˜i are certainly solutions of the W -spin equations in the interior
part.
(2). Compactness near marked points.
Let |Li| is Neveu-Schwarz at zl with cil > 0. Then by Corollary 4.5 and Corollary 5.9,
we obtain
(36) ||uni ||1,p;B1(0)+
∣∣∣∣
∣∣∣∣uniz
∣∣∣∣
∣∣∣∣
p,B1(0)
≤CR,
for 2 ≤ p < 21− ¯δi . This is equivalent to
(37) ||u˜ni rcil ||W p1 (B1(0)) ≤CR.
Obviously this also holds for cil = 0.
Using the ordinary Sobolev compact embedding theorem, there exists a u˜i such that
u˜ir
cil ∈Cαi ∩W q0 (ordinary q norm) for 0 < αi < ¯δi,1 < q < ∞, and
(38) u˜ni rcil → u˜ircil in Cα
′
i ,
where 0 < α ′i < αi.
If |Li| is Ramond or Neveu-Schwarz at zl with cil < 0, the inequality (36) is not true for
2 ≤ p < 21− ¯δi ; so we can’t use the same argument in this case that we did in the Neveu-
Schwarz case. Let uni,s =−Qs ◦Pi(un), since u˜ni,s(0) = 0, we have the decomposition
u˜ni = u˜
n
i − u˜ni (0)+ (u˜ni − u˜ni,s)(0).
By Lemma 4.4,
|u˜ni (0)|= |(u˜ni − u˜ni,s)(0)| ≤C||uni − uni,s||2,B1(0)
≤C(||uni ||2,B1(0)+ ||uni,s||2,B1(0))≤CR.(39)
So there exists a constant Ai such that u˜ni (0)→ Ai (of course, we take the subsequence
as usual).
On the other hand, if 2 ≤ p < 21−qi , we have
||uni − uni (0)||1,p;B1(0) ≤ ||uni ||1,p;B1(0)+ ||uni (0)||p,B1(0)
≤CR +
(∫
|z|−pqi
) 1
p
|u˜ni (0)| ≤CR.
We show that the ordinary W p1 norm of (u˜ni (z)− u˜ni (0))r−qi can be controlled by its weighted
norm || · ||1,p. Actually by Lemma 4.6 we have
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||u˜ni (z)− u˜ni (0)r−qi ||W p1 (B1(0))
≤C
(
||uni (z)− uni (0)||1,p;B1(0)+ ||
uni (z)− uni (0)
z
||p;B1(0)
)
≤C||uni (z)− uni (0)||1,p;B1(0) ≤CR.
By the Sobolev compact embedding theorem, there exists a subsequence and a function
v˜i such that
(u˜ni (z)− u˜ni (0))r−qi → v˜ir−qi in Cα , for 0 < α < qi.
In particular, for every ε > 0, there exists N such that for all n > N,
|u˜ni − u˜ni (0)− v˜i| ≤ εrqi .
Therefore, for all z ∈ B1(0),
|u˜ni (z)−Ai− v˜i(z)| ≤ ε(1+ rqi)≤Cε,
i.e., u˜ni → Ai + v˜i := u˜i in C0(B1(0)).
We need estimate the following term:∣∣∣∣
∣∣∣∣∂W∂ui (un1, . . . ,unt )− ∂W∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p
≤∑
j
∣∣∣∣
∣∣∣∣∂Wj∂ui (un1, . . . ,unt )− ∂Wj∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p
= ∑
j
∣∣∣∣
∣∣∣∣∂Wj∂ui (u˜n1rc1l , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 rc1l , . . . , u˜mt rctl )
∣∣∣∣
∣∣∣∣
W p0
.
(40)
Assume that |Li|,1 ≤ i ≤ tl , is line bundle with cil ≤ 0 at zl , where 0 ≤ tl ≤ t, and |Li|
is line bundle with cil > 0 for i ≥ tl + 1. There are two cases which may happen for each
monomial Wj:
Case 1. If i > tl , then∣∣∣∣
∣∣∣∣∂Wj∂ui (u˜n1rc1l , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 rc1l , . . . , u˜mt rctl )
∣∣∣∣
∣∣∣∣
W p0
≤
∣∣∣∣
∣∣∣∣
(∂Wj
∂ui
(u˜n1, . . . , u˜
n
tl , . . . , u˜
n
t r
ctl )− ∂Wj∂ui (u˜
m
1 , . . . , u˜
m
tl , . . . , u˜
m
t r
ctl )
)
r
−∑1≤k≤tl b jkqk
∣∣∣∣
∣∣∣∣
W p0
≤
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
(
|z|(−1+qi)p
) 1
p
.
(41)
Case 2. If i ≤ tl , then
∣∣∣∣
∣∣∣∣∂Wj∂ui (u˜n1rc1l , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 rc1l , . . . , u˜mt rctl )
∣∣∣∣
∣∣∣∣
W p0
≤
∣∣∣∣
∣∣∣∣
(∂Wj
∂ui
(u˜n1, . . . , u˜
n
tl , . . . , u˜
n
t r
ctl )− ∂Wj∂ui (u˜
m
1 , . . . , u˜
m
tl , . . . , u˜
m
t r
ctl )
)
r
−∑1≤k≤tl b jkqk
∣∣∣∣
∣∣∣∣
W p0
≤
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
(
|z|(−1+δ )p
) 1
p
.
(42)
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Therefore, in either cases, we have∣∣∣∣
∣∣∣∣∂W∂ui (un1, . . . ,unt )− ∂W∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p
≤∑
j
∣∣∣∣
∣∣∣∣∂Wj∂ui (un1, . . . ,unt )− ∂Wj∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p
≤∑
j
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
(
|z|(−1+δ )p
) 1
p
≤C∑
j
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
,
(43)
where δ = min{q1, · · · ,qt} and 2 ≤ p < 21−δ .
By Lemma 4.7 and (43), we have for any 2 ≤ p < 21−δ , i ≥ tl:
||uni − umi ||1,p;B1(0) ≤C
(
||uni − umi ||p;B+1 (0)+
∣∣∣∣
∣∣∣∣∂W∂ui (un1, . . . ,unt )− ∂W∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p;B+1 (0)
)
=C
(
||(u˜ni − u˜mi )rcil ||W p0 (B+1 (0))
+ ∑
j
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
)
.
By the C0 convergence of u˜nk for 1 ≤ k ≤ tl and u˜nkrckl for tl + 1 ≤ k ≤ t, we know that
{uni } is a Cauchy sequence in Lp1(B1(0)), and
uni → ui in Lp1
∂W
∂ui
(un1, . . . ,u
n
t )→
∂W
∂ui
(u1, . . . ,ut) in Lp
for 2 ≤ p < 21−δ and i≥ tl .
If 1 ≤ i ≤ tl , we have
||uni − umi ||1,p;B1(0) ≤C
(
||uni − umi ||p;B+1 (0)+
∣∣∣∣
∣∣∣∣∂W∂ui (un1, . . . ,unt )− ∂W∂ui (um1 , . . . ,umt )
∣∣∣∣
∣∣∣∣
p;B+1 (0)
)
=C
(
|(u˜ni − u˜mi )|C0
(∫
|z|−pqi
) 1
p
+ ∑
j
∣∣∣∣∂Wj∂ui (u˜n1, . . . , u˜ntl , . . . , u˜nt rctl )− ∂Wj∂ui (u˜m1 , . . . , u˜mtl , . . . , u˜mt rctl )
∣∣∣∣
C0
)
.
This also shows that {uni } is a Cauchy sequence in Lp1 and
uni → ui in Lp1
∂W
∂ui
(un1, . . . ,u
n
t )→
∂W
∂ui
(u1, . . . ,ut) in Lp
for 2 ≤ p < 21−δ .
In summary, (u1, . . . ,ut) is a solution of the W -spin equations in B1(0). 
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6. COMPACTIFYING THE SOLUTION SPACE OF THE W -SPIN EQUATION
As shown in Example 3.2, the space of the regular solutions may not be compact. To
compactify this space, we need to add those solutions having a singularity at Ramond
marked points. First, we give a definition of those solutions.
Definition 6.1. The sections (u1, . . . ,ut) are called the singular solutions of the W -spin
equations if ui ∈ L21,loc(Σ\Ramond marked points), ∂W∂ui ∈ L
2
loc(Σ\Ramond marked points),
and they satisfy the W -spin equations pointwise away from the Ramond marked points and
are not regular solutions of the W -spin equations.
To compactify the solution space in a suitable topology, we have to consider the asymp-
totic behavior of the singular solutions near the Ramond marked points. First, we deduce
some basic estimates of the general W -spin equations.
Assume that 0 is the unique Ramond marked point in B2(0) and that (u1, . . . ,ut) is a
singular solution in B2(0)−{0} of the W -spin equation. Let u j = u˜ je j, then locally the
W -spin equation can be written as
(44)
¯∂ u˜i
∂ z¯ +∑j
∂Wj(u˜1, . . . , u˜t)
∂ u˜i
zΣ
t
s=1b js(as(hl)−qs)|e′i|2 = 0.
If we set u˜ j = ϕ jzq j−a j , then an easy computation shows that the above W -spin equation
has the following simple form:
(45) ¯∂ϕ j + ∂W∂ϕ j = 0, for all j = 1, . . . , t.
Note that the ϕ j’s are only locally defined, though their norms are well-defined in a
neighborhood of the origin.
First, by Equation (45), we have the identity
(46) ∂z¯W (ϕ1, . . . ,ϕt) =−∑
i
∣∣∣∣∂W∂ϕi
∣∣∣∣2 .
Since W is a quasi-homogeneous polynomial, it is easy to show
(47) ∑
i
qixi∂xiW =W (x1, . . . ,xt).
By Equation (45) and Identity (47), we have
(48) ∑
i
qi∂z¯ϕi · ϕ¯i +W = 0.
Taking the derivative ∂z of the above equation, we have
(49) ∑
i
qi∂z∂z¯ϕi · ϕ¯i +∑
i
qi|∂z¯ϕi|2 + ∂z¯W = 0.
By Equation (45) and (46), we obtain
(50) ∑
i
qi∂z∂z¯ϕi · ϕ¯i = ∑
i
(1− qi)
∣∣∣∣∂W∂ϕi
∣∣∣∣2 .
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Therefore, by Equation (50), we have the important equation for the norm N(z) :=
∑i qi|ϕi|2:
(51) ∆(∑
i
qi|ϕi|2) = ∑
i
8(1− qi)
∣∣∣∣∂W∂ϕi
∣∣∣∣2 +∑
i
4qi(|∂zϕi|2 + |∂z¯ϕi|2).
This implies the maximum principle (see[CW]).
Lemma 6.2. For any p > 0,0 < θ < 1 and any R > 0 such that BR(z) ∈ B2(0)−{0},
z ∈ B2(0)−{0}, we have
(52) sup
BθR(z)
N(z) ≤C
(
1
|BR(z)|
∫
BR(z)
N(z)p
) 1
p
.
To get a pointwise estimate of the upper bound for the solutions, we need a uniform
local integral estimate of N(z). At first we will discuss the Ar−1 case, since it is simpler
than the general case and we can get better estimates. Subsequently, we will consider the
general W -case for W = W (x1, . . . ,xt) a non-degenerate quasi-homogeneous polynomial
with all weights wt(xi)< 1/2.
The Ar−1 case
If W = xr, then the W -spin equation (45) becomes the Ar−1-spin equation:
(53) ϕz¯ + rϕ¯r−1 = 0.
Lemma 6.3. Let ϕ be a solution of (53) in B2(0)−{0}, then there exists a constant Cr
only depending on r such that for any z ∈ B2(0)−{0},
|ϕ(z)| ≤Cr|z|−
1
r−2(54)
|Dα ϕ(z)| ≤Cr|z|−
1
r−2−|α |.(55)
Proof. Equation (46) becomes
(56) (ϕr)z¯ + r2|ϕ |2(r−1) = 0.
Let ψβ , for β > 0, be a cut-off function with support away from the origin. We have∫
(ϕr)z¯ψβ + r2|ϕ |2(r−1)ψβ = 0.
Integrating by parts and using the Ho¨lder inequality, we have∫
r2|ϕ |2(r−1)ψβ =
∫
ϕrβ ψβ−1ψz¯
≤
∫
|ϕ |rβ ψβ−1|ψz¯|
≤ β
(∫
|ϕ |2(r−1)ψβ
) r
2(r−1)
(∫
(ψβ
r−2
2(r−1)−1|ψz¯|)
2(r−1)
(r−2)
) r−2
2(r−1)
.
Thus we have
(57)
∫
|ϕ |2(r−1)ψβ ≤Cr
∫
ψβ−
2(r−1)
(r−2) |ψz¯|
2(r−1)
r−2 .
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Now we take β = 2(r−1)
r−2 and choose ψ satisfying the requirement that ψ = 1 in B |z|4
(z), van-
ishing outside B |z|
2
(z) and |∇ψ | ≤ 4|z| . Here z 6= 0. Thus we obtain from (57) the following
estimate,
(58)
∫
B |z|
4 (z)
(z)
|ϕ |2(r−1) ≤Cr
∫
B |z|
2
(z)
|z|−
2(r−1)
(r−2) =Cr|z|−
2
r−2 .
Now the estimate (58) and Lemma 6.2 induce the required pointwise estimate. The
derivative estimate comes from the scaling invariance of the Ar−1-spin equation, i.e., for
every ε > 0 the function ϕε(z) := ε
1
r−2 ϕ(εz) also satisfies the spin equation. 
By the pointwise estimate, we can get a uniform Lp-estimate:
Corollary 6.4. Let r ≥ 3 and 1 < p < 2(r−2). If ϕ is the solution of (53) in B2(0)−{0},
then ϕ is an integrable function in B2(0), and furthermore
||ϕ ||p,B2(0) ≤C,
where C depends only on r, p.
We can also obtain the Harnack inequality for |ϕ |.
Lemma 6.5 (Harnack inequality). Let 0 ≤ θ < 1 be a fixed number, 0 < ε < 1. Assume
that ϕ is a solution of the equation (53) in B2(0)−{0}, then
sup
z∈T (ε(1−θ),ε)
|ϕ(z)| ≤C(r,θ ) inf
z∈T (ε(1−θ),ε)
|ϕ(z)|,
where T (ε(1−θ ),ε) is the annulus with radius between ε(1−θ ) and ε , and C(r,θ ) is a
constant only depending on r and θ .
Proof. By equation (53), we have (since ϕ 6= 0)
(logϕ)z¯ =−rϕ¯r−1ϕ−1.
Let
g(z) =− 1
pi
∫
T (1−θ ,1)
−rϕ¯r−1ϕ−1(ζ )dv
ζ − z ,
then gz¯ = −rϕ¯r−1ϕ−1, for z ∈ T (1− θ ,1). Since |ϕ(z)| ≤ Cr(1− θ )−
1
r−2 for z ∈ T (1−
θ ,1), then | − rϕ¯r−1ϕ−1|(z) ≤ Cr(1− θ )−1. Hence |g(z)| ≤ C(r,θ ), and g is a Ho¨lder
continuous function in T (1−θ ,1). Let ˆΨ = logϕ− g, then
ˆΨz¯ = 0.
Since ˆΨ is continuous, ˆΨ is an analytic function. We have ϕ = ege ˆΨ. Let Ψ = e ˆΨ, then
ϕ = egΨ, where g is Ho¨lder continuous and Ψ is analytic. The following estimate holds:
(59) |Ψ(z)| ≤ |e−gϕ(z)| ≤C(r,θ ) =: eL.
Since g is bounded, to prove the Harnack inequality for ϕ , we need only prove the Harnack
inequality for Ψ. Now L− log |Ψ(z)| is a nonnegative and harmonic function, so we have
the gradient estimate:
|∇(L− log |Ψ(z)|)| ≤C(r,θ )(L− log |Ψ(z)|) ≤C(r,θ )L,
i.e., |∇ log |Ψ(z)|| ≤C(r,θ ), which implies the Harnack inequality in T (1−θ ,1),
(60) sup
T (1−θ ,1)
|Ψ(z)| ≤C inf
T (1−θ ,1)
|Ψ(z)|.
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To prove the Harnack inequality in the annulus T (ε(1− θ ),ε), we use the scaling in-
variance of Equation (53). Namely, if ϕ is the solution of (53) in T (ε(1− θ ),ε), then
ϕε(z) := ε
1
r−2 ϕ(εz) is the solution of (53) in the annulus T (1−θ ,1). Thus one can easily
get the same conclusion in the annulus T (ε(1−θ ),ε). 
Now by the maximum principle and the Harnack inequality, one can easily get a con-
vergence corollary:
Corollary 6.6. Let ϕ be a solution of the equation (53) in B2(0)−{0}, then either ϕ(z) is
bounded near the origin or limz→0 |ϕ(z)|= ∞.
The General W -case
Take ψ as the cut-off function as defined in the Ar−1 case. Multiplying the two sides of
Equation (46) by ψβ for β sufficiently large, and doing integration by parts in B := B |z|
4
(z),
we have
(61)
∫
B
Wβ ψβ ∂z¯ψ = ∑
i
∫
B
∣∣∣∣∂W∂ϕi
∣∣∣∣2 ψβ ,
or
(62) ∑
i
∫
B
∣∣∣∣∂W∂ϕi
∣∣∣∣2 ψβ = ∫ ∑
i
∂W
∂ϕi
ϕiqiβ ψβ−1∂z¯ψ .
Let δi, i= 1, . . . , t be the indices from Theorem 5.8, then we know that δi = qi/min j{1−
q j}. Define δ0 = maxi{δi}. Since we assume that qi = wt(xi)< 1/2, we have δ0 < 1. By
Theorem 5.8 and (62), we have
∑
i
∫
B
|∂W∂ϕi |
2ψβ ≤C
∫
B
(
∑
i
∣∣∣∣∂W∂ϕi
∣∣∣∣+ 1
)1+δ0
ψβ−1|∂z¯ψ |
≤C
∫
B
∑
i
∣∣∣∣∂W∂ϕi
∣∣∣∣1+δ0 ψβ−1|∂z¯ψ |+ ∫B |∂z¯ψ |
≤ε ∑
i
∫
B
∣∣∣∣∂W∂ϕi
∣∣∣∣2 ψβ +Cε ∫ ψ(β− 1+δ02 β−1) 21−δ0 |∂z¯ψ | 21−δ0 +C.
Thus we obtain
(63) ∑
i
∫
B
∣∣∣∣∂W∂ϕi
∣∣∣∣2 ψβ ≤C|z|− 2δ01−δ0 +C.
So if |z|< r0 for some r0 depending only on W , we have for any z ∈ Br0(0),
(64) ∑
i
∫
B
∣∣∣∣∂W∂ϕi
∣∣∣∣2 ψβ ≤C|z|− 2δ01−δ0 .
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By Theorem 5.8, Lemma 6.2 and the integral estimate (64), we have
∑
i
qi|ϕi|2 ≤

 1
|z|2
∫
B |z|
4
(z)
∑
i
|ϕi|
2
δ0

δ0
≤C
(
1
|z|2
∫
B
∑
i
∣∣∣∣∂W∂ϕi
∣∣∣∣2
)δ0
≤C|z|−
2δ0
1−δ0 .(65)
The above inequality implies the following theorem:
Theorem 6.7. Suppose W to be a non-degenerate quasi-homogeneous polynomial with all
the fractional degrees (or weights) qi < 1/2, i = 1, . . . , t. Let ui, i = 1, . . . , t be the solutions
of the W -spin equations in B1(0)−{0}, then there exist constants r0 and C only depending
on W such that for any z ∈ Br0(z) and all i,
|ui|(z)≤C|z|−κi ,
where κi = qi1−2qi .
Proof. Since W is a quasi-homogeneous polynomial, for any λ ∈R it satisfies the equality
W (λ k1 x1, . . . ,λ kt xt) = λ dW (x1, . . . ,xt).
Hence ∂W∂xi is also a quasi-homogeneous polynomial satisfying
(66) ∂W∂xi (λ
k1x1, . . . ,λ kt xt) = λ d−ki
∂W
∂xi
(x1, . . . ,xt).
Assume that ϕi’s are solutions of the equation (45), i.e.,
¯∂ϕi +
∂W
∂ϕi
= 0,∀i = 1, . . . , t.
Set ϕ˜i := λ kiϕi(λ d−2kiz), and then we have
¯∂ ϕ˜i
∂ z¯ = λ
ki
¯∂ϕi
∂ z¯ |λ d−2kizλ
d−2ki
=−λ d−ki ∂W∂ϕi (ϕ1(λ
d−2k1z), . . . ,ϕt(λ d−2kt z))
=−∂W∂ϕi (λ
k1 ϕ1(λ d−2k1z), . . . ,λ kt ϕt(λ d−2kt z))
=−∂W∂ϕi (ϕ˜1, . . . , ϕ˜t).
Here, to derive the third equality, we used the relation (66). The above calculation shows
that ϕ˜i’s are also solutions of (45). Thus by the inequality (65), there exists a constant C
only depending on W such that for z ∈ Br0(0), there is
ϕ˜i(
r0z
|z| )≤C.
Setting λ d−2ki = |z|/r0 in the above inequality, we obtain
|ϕi| ≤C|z|−κi ,
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where κi = qi1−2qi . Notice that |ui|= |ui|s = |u˜i||z|−qi = |ϕi|, and we are done. 
Applying Theorem 6.7 to the Ar−1 case, we can recover the first upper-bound estimate
in Lemma 6.3, since in this case the fractional degree q= 1/r and κ = 1/(r−2). Similarly,
only by calculating the fractional degrees and κi, we can obtain the following pointwise
estimate of the Dn+1,E6,E7,E8 cases.
Corollary 6.8. If (u1,u2) are solutions of the Dn+1-spin equation{
¯∂u1 + I1(nun−11 + u22) = 0
¯∂u2 + I1(2u1u2) = 0
in B1(0)−{0} for n≥ 3, then there exist constants C and r0 depending only on n such that
for z ∈ Br0(0), there is
|u1| ≤C|z|−
1
n−2 , |u2| ≤C|z|−
n−1
2 .
Proof. This is because the fractional degrees of the Dn+1 polynomial are (q1,q2)= ( 1n , n−12n )
and (κ1,κ2) = ( 1n−2 ,
n−1
2 ). 
Since the E6,E8 cases are the same as the Ar−1 case, we will only write down the
corollary for the E7 case.
Corollary 6.9. If (u1,u2) are the solutions of the E7-spin equation{
¯∂u1 + I1(3u21 + u32) = 0
¯∂u2 + I1(3u1u22) = 0
in B1(0)−{0}, then there exist absolute constants C and r0 such that for any z ∈ Br0(0),
there is
|u1| ≤C|z|−1, |u2| ≤C|z|−
2
5 .
Proof. This is because the fractional degrees (q1,q2) = ( 13 , 29 ) and (κ1,κ2) = (1, 25 ). 
Proof of Theorem 1.2. By Theorem 6.7, we have a uniform upper bound for the (regular
or singular) solutions on ∂Σε . Then we can consider the following integral
∑
i
(
¯∂ui, I1
(
∂W
∂ u¯i
))
L2
over Σε minus some small discs around the Neveu-Schwarz points. This integral can be
reduced to the sum of some curve integrals over the circles bounding the small discs and
over ∂Σε . As in the proof of the previous section, the line integrals over the circles bound-
ing the small discs will tend to zero as the radius tends to zero. Only the line integrals
over ∂Σε contribute. But by Theorem 6.7, we have the uniform pointwise estimate for any
solutions (singular or regular solutions). So we have∣∣∣∣
∣∣∣∣∂W∂ui
∣∣∣∣
∣∣∣∣2
2,Σε
≤Cε ,
where Cε only depends on ε . Now the same method used to prove inner compactness
shows that weak compactness also holds. 
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Proof of Theorem 1.3. This follows from weak compactness and the fact that all the (reg-
ular or singular) solutions are uniformly integrable in a small neighborhood of the Ramond
marked points as shown in Theorem 6.7. 
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